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Abstract. We perform a set of cosmological simulations of structure formation in a mixed
dark matter (MDM) model. Our model is motivated by the recently identified 3.5 keV X-
ray line, which can be explained by the decay of non-resonantly produced sterile neutrinos
accounting for 20–60% of the dark matter in the Universe. These non-resonantly produced
sterile neutrinos have a sizable free-streaming length and hence behave effectively as warm
dark matter (WDM). Assuming the rest of dark matter is composed of some cold dark
matter (CDM) particles, we follow the coevolution of a mixed WDM plus CDM cosmology.
Specifically, we consider the models with the warm component fraction of rwarm = 0.25 and
0.50. Our MDM models predict that the comoving Jeans length at the matter-radiation
equality is close to that of the thermally produced warm dark matter model with particle
mass mWDM = 2.4 keV, but the suppression in the fluctuation power spectrum is weaker.
We perform large N -body simulations to study the structure of non-linear dark halos in the
MDM models. The abundance of substructure is significantly reduced in the MDM models,
and hence the so-called small-scale crisis is mitigated. The cumulative maximum circular
velocity function (CVF) of at least one halo in the MDM models is in good agreement with
the CVFs of the observed satellites in the Milky Way and the Andromeda galaxy. We argue
that the MDM models open an interesting possibility to reconcile the reported 3.5 keV line
and the internal structure of galaxies.
Keywords: dark matter simulations, particle physics - cosmology connection, dwarf galaxies,
power spectrum
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1 Introduction
It has been well established that the standard Lambda cold dark matter (ΛCDM) model is
consistent with an array of observations of large scale structure, such as galaxy clustering and
anisotropies of the cosmic microwave background (CMB) [1–3]. However, there appears to
be inconsistencies between predictions of the ΛCDM model and observations at subgalactic
scales (∼ 108–10M⊙ objects), which is often called the small-scale crisis. One of the problem
is the missing satellite problem [4, 5], which claims that the cumulative maximum circular
velocity function (CVF) of subhalos 1 in the ΛCDM simulation does not match that of the
Local Group. Not only within the Local Group, but the subgalactic structure in field galaxies
probed by the HI disk velocity width function also suggests essentially the same problem [6, 7].
A promising solution to the small-scale crisis is to introduce warm dark matter (WDM) [8].
Free-streaming of WDM particles effectively suppresses the growth of small-scale structures
and reduces the abundance of subhalos. According to popular particle-physics models, the
degree of particle free-streaming is inherently related to the particle mass. One can place
an upper bound on the WDM particle mass from observations of the abundance and the
distribution of Galactic satellite galaxies and those of field low-mass galaxies if baryonic
effects are ignored [9]. 2 Interestingly, observations of the Lyman-α forests in distant quasar
spectra provides lower bounds on the DM particle mass from the measurement of small-scale
clustering of neutral HI gas [13]. Unfortunately, these constraints actually contradict each
other [9], suggesting that introducing a pure WDM does not provide a consistent solution to
1Locally overdense and self-bound dark matter (DM) clumps that reside in the DM halo.
2Baryonic effects can also be important in solving the small-scale crisis. We provide further discussion of
baryonic effects in section 4. The observations of the Galactic satellites can also be used to put a conservative
lower bound on the WDM particle mass if the baryonic effects are ignored [10–12], while the bound is weaker
compared with that from the observations of the Lyman-α forests.
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the small-scale crisis. It thus appears important and timely to explore another model that
can be made consistent with both the observations. In the present paper, we study structure
formation in mixed dark matter (MDM) models 3 that can relax the constraint from the
Lyman-α forests [15].
From the viewpoint of DM indirect search, there exists another motivation for the
MDM model. Two recent X-ray observations [16, 17] independently indicate the existence
of an unidentified X-ray line at Eγ ≃ 3.5 keV in stacked spectra of galaxy clusters (e.g., the
Perseus galaxy cluster) and the Andromeda galaxy observed by XMM-Newton and Chandra.
4 The unidentified line can be originated from the elementary process of DM particles. Many
studies attempt to explain the unidentified line in particle-physics motivated DM models [21–
72]. Here, we focus on the case that the radiative decay of the sterile neutrino with mass
M ≃ 7 keV is the origin of the X-ray anomaly. Furthermore, we consider that the sterile
neutrino is produced via non-resonant process (Dodelson-Widrow mechanism [73]) in the
early Universe. The resonantly produced sterile neutrino is revisited in response to the X-
ray anomaly in ref. [26–28]. The resonant production requires late time production of large
lepton asymmetry, while the non-resonant production does not. It is important to investigate
if the non-resonantly produced (NRP) sterile neutrino can explain the X-ray anomaly and
how it affects small-scale structures. With the above assumptions, our model predicts that
the amount of NRP sterile neutrino is less than the total amount of DM in the Universe [2].
We thus assume that another stable particle accounts for the rest of DM that effectively
behaves as CDM. It is worth mentioning that such a multi-component dark matter model
opens up an interesting possibility. The rest of DM can be composed of weakly interacting
particles (WIMPs). Their annihilation can explain the reported γ-ray anomaly in the Galactic
center [74–77], especially if their thermal relic contributes only partially to the total dark
matter density. The sterile neutrino that is produced non-resonantly in the early Universe
has sizable free-streaming length and behaves as the WDM particle. The observations of
the Lyman-α forests [15] suggest that the NRP sterile neutrino with M ≃ 7 keV is excluded
if it accounts for the whole DM. MDM models can evade this constraint, however. It is
thus important and timely to study structure formation in MDM models, especially from the
viewpoint of the small-scale crisis. 5
In the present paper, we first review the particle-physics motivation and the production
mechanisms of the sterile neutrino. Then we identify the parameter region in which the
recently detected X-ray line can be explained. This is presented in section 2. We show
the results of linear and non-linear structure formation in MDM models with the identified
parameters in section 3. Finally, in section 4, we give discussion and concluding remarks.
3 In the present paper, we use the term “mixed dark matter” [14] to represent cold + warm dark matter,
which is often called CWDM model in the literature.
4An unidentified X-ray line is also reported at Eγ ≃ 2.5 keV in Chandra observation of Willman 1 [18].
This 2.5 keV line is not confirmed but not ruled out in XMM-Newton follow-up observation [19]. For current
instruments, however, it is challenging to distinguish unidentified line features from atomic lines or instru-
mental effects. Higher resolution spectroscopy in, for instance, coming ASTRO-H mission [20] is expected to
confirm or reject their dark matter origin.
5The statistical properties of field halos are addressed in MDM models with different parameter sets in
ref. [78].
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2 Sterile neutrino
This section is aimed at showing that when the NRP sterile neutrino occupies a certain
fraction of the whole DM mass density, its radiative decay can explain the observed X-
ray anomaly. We begin with a brief summary of the particle-physics motivation and the
properties (especially, mixing angle) of the sterile neutrino. Then, we describe in detail the
production mechanism and derive the resultant relic density, which determines the NRP
sterile neutrino fraction. The calculation of the relic density can be found in previous works
[73, 79–83]. By following them, we clarify the difference between the work for the resonantly
produced sterile neutrino in ref. [26–28] and this work. Furthermore, we show that the relic
NRP sterile neutrino obey the Fermi-Dirac distribution up to a prefactor. The distribution
function is incorporated in the calculation of the matter power spectra in the next section.
Finally, we specify the required NRP sterile neutrino fraction and the corresponding mixing
angle to explain the observed X-ray anomaly. After we specify the particle-physics model,
we investigate structure formation in MDM models with the identified NRP sterile neutrino
fraction in the rest of the paper.
Observed oscillations between different species of the left-handed neutrinos indicate that
there should be a right-handed counterpart. The existence of a right-handed counterpart,
however, has not been established directly in existing experiments. In fact, it does not have
to be the case as we see in the following. In a simple extension of the Standard Model (SM),
the right-handed neutrino νR, I couples with the left-handed lepton doublet Lα and the SM
Higgs doublet H through a Yukawa coupling Lint = −
∑
α, I Fα I L¯αHνR, I + h.c.. Once the
Higgs doublet develops a vacuum expectation value, 〈H〉=(0, v), the Yukawa coupling gives
a Dirac mass to the neutrino. To be gauge invariant, the Yukawa coupling requires the
right-handed neutrino to be a singlet under the SM gauge group. The inertness makes the
right-handed neutrino inaccessible to existing experiments. This is why the right-handed-
like mass eigenstate is referred to as the sterile neutrino, whereas the left-handed-like mass
eigenstate is referred to as the active neutrino.
Gauge invariance allows the right-handed neutrino to have a Majorana mass Lint =
−∑I MI/2 ν¯cR, IνR, I + h.c.. Here we take a basis of the right-handed neutrino such that the
Majorana mass matrix is diagonal. The Majorana mass may lead to a hierarchy between the
active and the sterile neutrino mass. We can find the mass eigenstate νmi by diagonalizing the
mass matrix. When an unitary matrix U relates these two bases such that νmi =
∑
α Uαiν
c
L, α+∑
I UIiνR, I , the mixing angle θ is defined by sin
2(2θ) = 4|∑α UαDMU∗αi|2. The mixing angle
is important for the phenomenology of the sterile neutrino since the sterile neutrino can
interact with the SM particles only through the mixing. The reaction rate with SM particles
is suppressed at least by a factor of sin2(θ).
Now let us discuss the production of the sterile neutrino in the early Universe. In
the present paper, we consider small mixing angles of sin2(2θ) < 10−8. With such a small
mixing, the sterile neutrino can not be thermalized in the plasma of the SM particles. The
sterile neutrino is produced non-thermally via oscillations between the active and the sterile
neutrino. 6 It should be noted that the oscillation is affected by the existence of SM particles
especially in the early Universe [89]. For simplicity, we focus on the case that only one
6Hereafter we consider the minimal framework of sterile neutrino introduced above. In possible extensions,
sterile neutrinos can be produced in their intrinsic mechanisms as well as the active-sterile oscillation (see
ref. [84] for review). If one gauges U(1)B−L, for instance, right-handed neutrinos can be produced through
exchange of the U(1)B−L gauge boson immediately after the reheating of the Universe [85]. In another ex-
tension, one introduces a singlet Higgs boson. After the singlet Higgs boson develops a vacuum expectation
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active-sterile pair is relevant. Then, the Hamiltonian is given by
H ≃ diag{p + Vα, p}+ 1
2p
(
0 Fαv
Fαv M
)2
, (2.1)
where p is the absolute value of the neutrino 3-momentum, Vα is the potential for the left-
handed neutrino, and Fα and M are set to be positive by the redefinition of the neutrino
states. Here we have assumed the neutrinos are relativistic, p≫ Fαv,M . After diagonalizing
the Hamiltonian, we obtain the effective mixing angle,
sin2(2θeff) =
4F 2αv
2M2
4F 2αv
2M2 + (M2 − 2pVα)2 (2.2)
=
(∆m2/2p)2 sin2(2θ)
(∆m2/2p)2 sin2(2θ) + {(∆m2/2p) cos(2θ)− Vα}2
, (2.3)
and the effective energy squared difference,
∆m2eff/2p =
√
4F 2αv
2M2 + (M2 − 2pVα)2 (2.4)
=
√
(∆m2/2p)2 sin2(2θ) + {(∆m2/2p) cos(2θ)− Vα}2 . (2.5)
We have rewritten the effective quantities in terms of the quantities in a vacuum (Vα = 0),
sin2(2θ) = 4F 2αv
2/(4F 2αv
2 +M2) and ∆m2/2p =M
√
4F 2αv
2 +M2.
The SM particles contribute to Vα through the weak interaction [89]. We expand Vα in
terms of p/mW/Z, T/mW/Z (mW/Z is the mass of W/Z-boson). The leading contribution is
proportional to the lepton number nLα − nL¯α , 7
V 0α = ±
1√
2
GF
[
(1 + 4xW)(nlα − nl¯α)− (1− 4xW)
∑
β 6=α(nlβ − nl¯β)
+4(nνα − nν¯α) + 2
∑
β 6=α(nνβ − nν¯β)
]
, (2.6)
with the Fermi constant GF and the Weinberg angle xW ≡ sin2 θW ≃ 0.23. The potential
takes an opposite sign for the neutrino (+) and anti-neutrino (−). If the lepton number is of
the same order as the baryon asymmetry due to, for instance, the sphaleron process [91, 92],
V 0α is negligibly small. Therefore we should consider the next leading contribution, which is
proportional to the lepton energy density plus pressure,
V 1α = −
8
√
2GFp
3m2Z
(ρνα + ρν¯α)−
2
√
2GFp
m2W
(ρlα + Plα + ρl¯α + Pl¯α) . (2.7)
The next leading contribution has the same sign for the neutrino and anti-neutrino.
As we can see from eqs. (2.3), (2.6), and (2.7), the leading potential V 0 may cause a
resonance in the active-sterile mixing, while the next leading potential V 1 always suppresses
the mixing. If large lepton asymmetry is produced after the sphaleron process (by, e.g., the
degenerate right-handed neutrino oscillation [93] or the Affleck-Dine mechanism [94]), it may
value, the Majorana mass MI arises from Yukawa coupling to the right-handed neutrinos. Non-thermal decay
of the singlet Higgs boson can contribute to the relic density of sterile neutrino [86–88].
7In general the baryon number also makes a leading contribution to the potential Vα [89]. The baryon
number of the Universe, however, is constrained to be negligibly small nb/s ≃ 8×10
−11 (s is entropy density)
by the CMB [90].
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result in the resonant production of the sterile neutrino, which can account for the observed
DM mass density [95, 96]. In light of the reported X-ray anomaly around 3.5 keV, the
resonantly produced sterile neutrino is revisited and its implications for structure formation
is investigated in ref. [26–28]. In the present paper, we assume small lepton asymmetry and
hence V 0 ≃ 0.
With the next leading potential, the effective mixing angle can be rewritten as,
sin2(2θeff) =
sin2(2θ)
sin2(2θ) +
{
cos(2θ) + 0.02ζ(p/T )2(T/100MeV)6(1 keV2/∆m2)
}2 , (2.8)
where we assume among the charged leptons only the electron is relativistic and makes a
relevant contribution at the temperature of interest (T ∼100MeV as we explain below) and
ζ = 1.0 for νe and ζ = 0.3 for νµ/τ . This implies that the sterile neutrino is produced
efficiently at temperatures below 100MeV(p/T )−1/3(∆m2/1 keV2)1/6.
The Boltzmann equation of the sterile neutrino can be written as [73, 79, 80],
∂
∂t
fs −Hp ∂
∂p
fs = sin
2(θeff)Γfth , (2.9)
where fth = (exp(p/T )+1)
−1 is the Fermi-Dirac distribution. The collision rate Γα is propor-
tional to the lepton energy density plus pressure [97, 98]. After summing up all contributions,
we obtain
Γα =
7π
540
G2FT
4p×
{
40x2W + 20xW + 25 for νe
40x2W − 20xW + 25 for νµ/τ
, (2.10)
where we again assume only the electron is relativistic and makes a relevant contribu-
tion. The number of collision per Hubble time increases with the temperature as Γα/H ∝
sin2(2θ)(p/T )T 3. From this and eq. (2.8), we can find that the sterile neutrino is mainly
produced at T ∼ 100MeV(p/T )−1/3(∆m2/1 keV2)1/6.
Now let us consider the momentum distribution of the resultant sterile neutrino. At
sterile neutrino production, the number of production reactions per Hubble time is given by
sin2(θeff)Γα/H ∝ sin2(θ)(∆m2/1 keV2)1/2 and is independent of the momentum. Therefore
the resultant momentum distribution of the sterile neutrino is proportional to the Fermi-
Dirac distribution, fs ∝ sin2(2θ)(∆m2)1/2fth [73, 80]. 8 Finally we obtain the relic density
of the sterile neutrino,
Ωsh
2 ≃ 0.07
(
sin2(2θ)
10−9
)(
M
7 keV
)2
, (2.11)
where we have used ∆m2 ≃M2 for M ≫ Fαv.
The sterile neutrino introduced in the above has an interesting astrophysical implication.
The dominant decay mode of the sterile neutrino is νR → 3νL/ν¯L with a decay rate of [100]
ΓνR→3νL/ν¯L =
G2F
384π3
sin2(2θ)M5 (2.12)
≃ 2.9× 10−25 s−1
(
sin2(2θ)
10−9
)(
M
7 keV
)5
. (2.13)
8 This estimate suffers from ignorance of the quark-hadron phase transition. This may suppress the estimate
of the relic abundance at most by a factor of two [81–83]. In addition, the induced momentum dependence of
fs/fth may change the resultant power spectrum by at most 20% [99].
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The lifetime of the sterile neutrino is much longer than the age of the Universe (∼ 1017 s).
This ensures that the sterile neutrino produced in the early Universe still exists at present;
it is a good candidate of (or a part of) DM. The radiative decay of the sterile neutrino
νR → γ + νL/ν¯L is subdominant but has an important implication for the observed X-ray
anomaly around 3.5 keV. The radiative decay rate is given by [101]
ΓνR→γ+νL/ν¯L =
9G2Fα
1024π4
sin2(2θ)M5 (2.14)
≃ 2.3× 10−27 s−1
(
sin2(2θ)
10−9
)(
M
7 keV
)5
, (2.15)
where α is the fine structure constant of quantum electrodynamics. The sterile neutrino
decay in an overdense region contributes to the observed X-ray flux,
Fs =
1
4π(1 + z)3
Σs
M
ΩfovΓνR→γ+νL/ν¯L (2.16)
≃ 4× 10
−5
(1 + z)3
cts
s cm2
(
ΣDM
500M⊙/pc2
)(
Ωfov
500 arcmin2
)(
sin2(2θ)
10−9
)2(
M
7 keV
)6
, (2.17)
where Σs/DM and Ωfov are the column density of the sterile neutrino/DM and the field of
view of the target object, respectively. In the second line, we have used Σs = ΣDMΩs/ΩDM
and eqs. (2.11) and (2.15). Following the analysis in ref. [17], we adopt a mixing angle of
sin2(2θ) ≃ 3–9× 10−10 to explain the observed X-ray anomaly around 3.5 keV. In this case
the sterile neutrino accounts for 20–60% of the whole DM mass density. Here we have used
the observed flux from the Andromeda galaxy (on-center) Fs = 4.9
+1.6
−1.3× 10−6 cts/s/cm2 and
the column density of DM ΣDM ≃ 200–600M⊙/pc2. We have also taken into account the
possible suppression in the sterile neutrino relic density Ωs by a factor of two (see footnote 8).
For the Perseus cluster, the observed X-ray flux and the column density are Fs = 7.0
+2.6
−2.6 ×
10−6 cts/s/cm2 and ΣDM ≃ 100–600M⊙/pc2, respectively [17]. The observed flux prefers a
mixing angle of sin2(2θ) ≃ 0.3–2× 10−9, which results in rwarm = Ωs/ΩDM ≃ 0.2–1. Finally,
by combining these two analyses, we find that sin2(2θ) ≃ 3–9 × 10−10 and rwarm ≃ 0.2–0.6
can explain X-ray flux both from the Andromeda galaxy and from the Perseus galaxy cluster.
However, let us stress that the observations of the Lyman-α forests disfavors rwarm > 0.6 at
this mass [15].
In the following sections, we do not specify what accounts for the rest of the whole
DM mass density but only assume that it is composed of some stable and cold particles.
Interestingly, if the remainder is thermal relic WIMPs, the annihilation of the WIMPs can
naturally produce sufficient γ-rays to resolve the observed anomaly in the Galactic center [74–
77]. As an example, we consider the case that WIMPs annihilate into bb¯. From the figure 6 in
ref. [74], the annihilation cross section (multiplied by the relative velocity) required to explain
the γ-ray anomaly is 〈σv〉 ≃ 0.7–1.6 × 10−26 cm3/s (depending on the mass of WIMP, here
taken to be mWIMP ≃ 20–40GeV) if all of the DM is composed of WIMPs. However, since
sterile neutrinos comprise 25% or 50% of the DM abundance in our models, the annihilation
cross section must increase to some 〈σv〉 ≃ 4–9 cm3/s in order to explain the observed γ-ray
flux (provided the central DM density remains the same). For thermally decoupling WIMPs,
the increased cross section also results in a reduced relic abundance. Numerically, the WIMPs
contribute approximately 0.3–0.6 towards the DM abundance, naturally bringing the WIMP
+ sterile neutrino abundance to ΩWIMP +Ωs ∼ ΩDM.
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In the above estimate, we focus on the case that WIMPs annihilate into bb¯. One may
wonder if the result depends on the assumed DM mass density profile and/or the annihilation
channel of WIMPs. Let us discuss this point further. In ref. [74], the inner slope of the DM
mass density profile is assumed to be γ = 1.3. If one takes γ = 1.2, the required annihilation
cross section becomes roughly three times larger when all of DM particles are composed of
WIMPs [75]. Following the discussion above, we find that WIMPs account for at least 80%
of the whole DM mass density. As long as we consider only prompt photons from the WIMP
annihilation, the required annihilation cross section is almost insensitive to the annihilation
channel [74]. The annihilation channels becomes relevant when we incorporate secondary
photons, for instance, photons from bremsstrahlung of prompt electrons [76, 77]. The required
annihilation cross section does not change drastically for the bb¯ channel, while it becomes
roughly three times smaller for the lepton (1/3 e+e−, 1/3 µ+µ−, 1/3 τ+τ−) channel. From
these discussions, we expect that the preferred fraction ΩWIMP/ΩDM is uncertain roughly by
a factor of three.
3 Linear and non-linear evolution
3.1 Linear growth
We consider models in which DM consists of the NRP sterile neutrino and some cold and
stable particles. Free-streaming of the NRP sterile neutrino suppresses growth of the mat-
ter density fluctuation. As discussed in section 2, the ratio of the sterile neutrino (warm
component) to the whole DM mass density is rwarm ≃ 0.2–0.6 when the mixing angle is
sin2(2θ) ≃ 3–9 × 10−10. Then the radiative decay of the sterile neutrino can explain the X-
ray anomaly around 3.5 keV reported in the recent XMM Newton and Chandra observations.
We focus on the two models with rwarm = 0.25 and rwarm = 0.50, respectively.
For comparison, we calculate the evolution of the matter density fluctuations in the
CDM model and a WDM model with the thermal relic mass mWDM = 2.4 keV in addition to
the MDM models discussed above. We use the public code CAMB [102] with suitable modifi-
cation, through which NRP sterile neutrino is incorporated. Details of the modification are
as follows. In order to take the effect of free-streaming of DM particles into account, we use
the method developed for the massive neutrino [103, 104]. In the WDM model, the WDM
particles follow the Fermi-Dirac distribution. In the MDM models, the Fermi-Dirac distri-
bution of the massive neutrino is replaced by the momentum distribution of the NRP sterile
neutrino (see the previous section). We adopt cosmological parameters of WMAP+BAO+H0
Mean in ref. [90]: 100Ωbh
2 = 2.255, ΩCDMh
2 = 0.1126, ΩΛ = 0.725, ns = 0.968, τ = 0.088,
∆2R(k0) = 2.430 × 10−9, h = 0.70. We set the energy density of the CDM + WDM to be
0.1126.
In figure 1, we compare the linear matter power spectra in our selected models. The
MDM models with rwarm = 0.25 (green dashed line) and 0.50 (magenta dash-dotted line)
result in slightly suppressed linear matter power spectra when compared with that in the
CDM model (blue solid line). This is due to the free-streaming of the NRP sterile neutrino.
The MDM models show smaller suppression than the WDM model (red dotted line) because
the NRP sterile neutrino contributes to only 25% and 50% of the whole DM mass density.
One may regard the thermal relic WDM model with mass mWDM = 2.4 keV as being
a counterpart of the MDM model with rwarm = 0.25, because the cutoff scales of the linear
density fluctuations are identical in the two models. Here, the cutoff scale is defined by the
– 7 –
Figure 1. Linear power spectra in the CDM model (blue solid), the MDM models with rwarm = 0.25
(green dashed) and rwarm = 0.50 (magenta dash-dotted), and the WDM model with mWDM = 2.4 keV
(red dotted). Cutoff scales (eq. (3.2)) of the MDM model with rwarm = 0.25 and the WDM model are
identical. In the WDM model, strong suppression is seen at wavenumber k larger than ≃ 10 h/Mpc.
While the MDM models also show suppressions, they are weaker than that in the WDM model. This
is because the warm component contributes to 25% and 50% of the whole DM mass density in the
MDM models.
comoving Jeans scale at matter radiation equality teq,
kJ = a
√
4πGρ0
σ2
∣∣∣∣∣
t=teq
= 64Mpc−1
(mWDM
2.4 keV
)4/3
(3.1)
= 64Mpc−1
(
M
7 keV
)(
0.25
rwarm
)1/2
, (3.2)
where a is the scale factor, G is the gravitational constant, ρ0 is the mean matter density,
σ2 ≡ ∫∞
0
v2g(v)dv is the velocity dispersion of DM particles, and g(v) is the isotropic mass-
weighted velocity distribution function normalized as
∫∞
0
g(v)dv = 1. In the MDM models,
g(v) is given by g(v) = rwarmgwarm(v)+(1−rwarm)gcold(v), where gcold/warm(v) is the isotropic
velocity distribution function of cold/warm component normalized as
∫∞
0
gcold/warm(v)dv = 1.
The observations of the Lyman-α forests severely constrain the WDM model but not the
MDM model, even though the cutoff scales are identical. The recent constraint on the WDM
mass derived by ref. [13] is mWDM > 3.3 keV and hence the WDM model in figure 1 is indeed
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excluded. However, the constraint is not applicable to the MDM models. Reference [15]
shows the parameter region that is consistent with the observations of the Lyman-α forests
in the MDM models. From figure 3 in ref. [15], we find that our MDM models evade the
constraint from the observations of the Lyman-α forests.
The characteristic cutoff length scale given by eq. (3.2) implies a possibility that the
MDM models resolve the small-scale crisis. The Jeans mass corresponding to kJ is
MJ =
4π
3
(
2π
kJ
)3
ρ0 ≃ 8.7× 107
(
64Mpc−1
kJ
)3
M⊙/h . (3.3)
Formation of halos with masses below MJ is expected to be suppressed. Since MJ is at the
subgalactic scale, the so-called small-scale crisis may be alleviated in the MDM models. This
motivates us to perform simulations to investigate how strongly the formation of subhalos is
suppressed in Galactic-size halos.
3.2 Numerical simulations
We use the parallel Tree-Particle Mesh code GADGET-2 [105]. We use the linear matter power
spectra shown in figure 1. The simulated volume is L3 = (5Mpc/h)3. We employ N = 5123
particles with uniform mass of mpart ≃ 7.1 × 104M⊙/h and set the gravitational softening
length ǫ = 500pc/h. The initial redshift of our simulation is z = 14. In order to compensate
for the relatively small box size, we generate six realizations for each model. Samples of
the initial fluctuations are identical among the DM models in each realization except for the
linear matter power spectra. On the other hand, they are different among the six realizations.
One may wonder if the relatively small box size may affect internal properties of simulated
halos significantly. We address this point in appendixA. We also discuss the effect of the
gravitational softening length in the appendix.
We show the halo mass functions from the DM only N -body simulations in figure 2.
Halos are identified by Friends-Of-Friends (FOF) method [106]. The linking length is 0.2 in
units of the mean interparticle distance. Hereafter, unless explicitly denoted, halo mass is
the FOF mass, which roughly coincides with the virial mass M200. In figure 2, the number of
halos with masses below ∼ 1010M⊙/h is suppressed in the MDM models (green dashed for
rwarm = 0.25 and magenta dash-dotted for 0.50) compared to that in the CDM model (blue
solid). In the WDM model (red dotted), even stronger suppression is seen below the same
mass. Note that a numerical discreteness effect is seen in the WDM model. In refs. [107, 108],
it is reported that halos with masses below
Mlim = 10.1 × ρ0d¯k−2peak = 8.3 × 107M⊙/h
(
L
5Mpc/h
)(
512
N1/3
)(
9.5h/Mpc
kpeak
)2
(3.4)
may be seeded by discrete particle effects and hence the mass function below this “critical”
mass is unreliable in hot/warm DM model. Here, d¯ = L/N1/3 is the mean interparticle
distance and kpeak is the wavenumber at the maximum of ∆(k) (see figure 1). The black
vertical lines in figure 2 indicate Mlim in the WDM model. Thus, the upturn seen to the
left of the black line in the WDM model is likely unphysical. While it is unclear how the
discreteness effect changes the mass function in MDM models, it seems to be insignificant
because no clear upturn is found in the lower panel of figure 2.
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Figure 2. Upper panel: Halo mass functions in the CDM model, the MDM models, and the thermal
WDM model, as labeled. The mass function in each model is averaged over six realizations. The line
colors and types are the same as in figure 1. The black vertical line represents the mass Mlim, below
which the mass function in the WDM model is numerically compromised because of the discreteness
effect. Lower panel: Ratios of the mass functions in the MDM models with rwarm = 0.25 (green
dashed) and 0.50 (magenta dash-dotted) and the WDM model (red dotted) to that in the CDM
model. The black vertical line also shows Mlim. Below ∼ 1010M⊙/h, the abundance of small halos is
suppressed in the MDM models and the WDM model compared to the CDM model. The suppression
is stronger in the WDM model than in the MDM models.
3.3 Subgalactic scale
The subgalactic scale Jeans mass (eq. (3.3)) and the smaller number of low mass halos (fig-
ure 2) imply that the MDM models have smaller numbers of subhalos and hence possibly
resolve the missing satellite problem. We compare the cumulative maximum circular velocity
functions (CVFs) of our simulated halos with those observed in figure 3. We use SUBFIND [109]
to locate subhalos. The maximum circular velocity is defined by
Vmax = max
r
√
GM(< r)
r
, (3.5)
where M(< r) is the enclosed mass within the radius r from the subhalo center. The direct
observable is the line-of-sight stellar velocity rather than the maximum circular velocity.
Thus, we assume isotropic velocity distribution and adopt conventional simple conversion [4]
Vmax =
√
3σlos , (3.6)
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Figure 3. CVFs measured from observation and our simulations. The up-triangles are for the
Milky Way satellites, and the down-triangles represent the Andromeda satellites. The solid lines
are the CVFs in our simulations. The different line colors correspond to different halo masses: ∼
2.6 × 1012M⊙ (magenta), ∼ 2.1 × 1012M⊙ (blue), ∼ 1.8 × 1012M⊙ (dark-yellow), ∼ 1.7 × 1012M⊙
(green), ∼ 1.5× 1012M⊙ (red), and ∼ 1.4× 1012M⊙ (black). The top panel is a comparison between
the CVFs in the CDM model and those observed. There are too many simulated subhalos than the
observed satellites at small Vmax. The other panels show comparisons between the CVFs in the MDM
models (middle for rwarm = 0.25, and bottom for 0.50) and those observed. The bold lines show halos
whose CVFs are close to those observed.
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where σlos is the line-of-sight stellar velocity dispersion.
The conversion factor
√
3 (e.g., eq. (1) in ref. [110]) yields a lower bound because it
gives a fair estimate of the circular velocity at the half-light radius (not the radius Rmax at
which the circular velocity reaches its maximum). The error in eq. (3.6) is typically less than
∼ 10–20% [111], and thus the choice of either eq. (3.5) or eq. (3.6) does not affect the results
significantly. On the other hand, the conversion factor is estimated at ≃ 2–3 by assuming
a relation between Rmax and Vmax found for galaxy cluster size halos [112]. We discuss the
implication of the larger conversion factor in section 4. Ideally, σlos should be measured
directly from the simulation data. However, σlos is observationally measured in ∼ 1 kpc
regions from the center of satellite galaxies. Since our simulations do not resolve such an
inner region, we can not compute σlos directly in the same manner as the observations.
Observational data (triangles in figure 3) are taken mainly from ref. [113]. We use satel-
lite galaxies associated with the Milky Way (MW) or the Andromeda galaxy in ref. [113].
We regard the maxima of the rotation curve reported in ref. [113] as the maximum circu-
lar velocities of LMC, NGC 205, 147, and 185 (see appendixB). For IC 10 associated with
the Andromeda galaxy, we use the peak of HI disk rotation curve in ref. [114] as Vmax. We
apply the approximation (eq. (3.6)) to the other satellites. The line-of-sight stellar velocity
dispersion of the satellites associated with the MW is taken from ref. [113]. For the satellites
associated with the Andromeda galaxy, we use the line-of-sight stellar velocity of refs. [115]
(And II), [116] (And XVI, XXI), [113] (And XII), and those in ref. [117] (for the other satel-
lites). Pisces II and And XXIV are not included in figure 3 because their velocity dispersions
are not known. Thus, the observed CVFs will change slightly if the two satellites are included
with updated velocity measurements.
From simulations, we extract halos with masses between 7.0×1011M⊙ and 2.7×1012M⊙.
We classify halos whose masses are larger than 7.1 × 1011M⊙ [118] 9 and smaller than
2.7 × 1012M⊙ [120] as candidates of the MW, and halos whose masses are larger than
7.0 × 1011M⊙ [121] and smaller than 2.1 × 1012M⊙ [122] as candidates of the Andromeda
galaxy. Within these host halos, we identify subhalos by SUBFIND algorithm [109] and cal-
culate Vmax from eq. (3.5) where the density peak is regarded as the center of subhalo. We
assume that the most massive subhalo, or “background halo”, corresponds to the MW or the
Andromeda galaxy itself. Thus, figure 3 does not include such a background halo.
We do not use all the satellite galaxies or the subhalos explained above because of
several limitations. First, we only use satellite galaxies and subhalos whose Vmax’s are larger
than 13.16 km/s. More than half of the satellites were not discovered until Sloan Digital
Sky Survey (SDSS). Since SDSS does not cover the whole sky, more satellite galaxies will
be discovered if the whole sky is surveyed. However, there are no MW satellites discovered
by SDSS whose Vmax’s are larger than 13.16 km/s. This implies that using satellite galaxies
within this range allows robust comparison between observational data and predictions of
our simulations. The Andromeda satellites in this range are also expected to be large enough
to be discovered completely. In addition, simulated subhalos in this velocity range are well
resolved (see also appendixA). All such subhalos have masses larger than Mlim (eq. (3.4)),
large enough Rmax > 5 × ǫ except for a few subhalos (at most three in each halo in the
CDM model, and at most two in the MDM models), and at least 985 particles within Rmax.
9The lowest mass estimated in their work. In order to model the MW halo, they use Navarro-Frenk-White
(NFW) profile [119], which is established in the CDM model. The halo density profiles in the CDM model
and the MDM models are similar as seen in appendix A.2. Thus, their estimate is also valid for the MDM
model halos.
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Hereafter, we only consider satellites and subhalos with Vmax > 13.16 km/s.
Second, we only use satellite galaxies and subhalos whose distances from the host halo
centers are smaller than 269 kpc and larger than 50 kpc. The furthest observed satellite
galaxy, And VI, is 269 kpc distant from the Andromeda center. Subhalos within 50 kpc are
possibly affected by the gravitational softening of our simulations [123]. In the regions close
to the host halo center, the subhalos are vulnerable to tidal disruption [124–126]. This effect
may be enhanced artificially by the finite gravitational softening length. We confirmed that
the tidal force from the host halo is weaker than (possibly softened) gravitaional force to
subhalo center at Rmax for subhalos beyond 50 kpc from the host halo centers. We consider
satellite galaxies and subhalos that satisfy the above criteria as those in the classical dwarf
range.
The top panel of figure 3 clearly shows that there are at least a factor of two difference
between the simulated CVFs and those observed at small Vmax in the CDM model. On the
other hand, in the MDM models with rwarm = 0.25 (middle panel) and rwarm = 0.50 (bottom
panel), the overall shapes of the black line in the middle panel and the red and the black
lines in the bottom panel agree with the observed CVFs. In figure 3, the halo-to-halo scatter
of the CVF is shown in each model as reported in refs. [127–129]. One may wonder if this
implies that even in the CDM model, we have a chance to find a halo whose CVF is consistent
with the observational data when we generate more realizations. As we discuss in detail in
appendixA.3, the cumulative number of subhalos in the classical dwarf range appears to
follow a Negative Binomial distribution with mean 〈N〉 ≃ 34 and standard deviation σ ≃ 8.5
in the CDM model as suggested in ref. [129]. In this case, in only one out of ten thousand
halos, the subhalo number in the classical dwarf range is equal to or less than observed. On
the other hand, within the six simulated halos in the MDM models, there are several halos
whose CVFs are consistent with the observational data. Therefore, the MDM models can
mitigate the small-scale crisis siginificatly.
The mitigation of the small-scale crisis can also be found in the radial distributions of
satellites shown in figure 4. In the plot, the same satellite galaxies and subhalos as in figure 3
are used. All galactocentric distances of satellite galaxies are taken from ref. [113]. Note that
the distance of the farthest observed satellite galaxy is 269 kpc. The line colors and symbols
are set consistent with the halos shown in figure 3. The bold lines correspond to the halos
whose CVFs are consistent with those observed (represented by the black line in the middle
panel and the red and the black line in the bottom panel of figure 3).
The halo-to-halo scatter is seen in figure 4 again. Although there are no halos that have
an identical radial distributions of subhalos as those observed, the distributions in the MDM
models are more concordant with those observed than the CDM model. The numbers of
subhalos are closer to those observed in all the radial bins except in 50–112.5 kpc. Table 1
shows the residual sums of squares (RSSs),
∑
i(Ni, sim.−Ni, obs.)2, where Ni,data is the number
of satellites in the i-th bin. The RSS is systematically smaller in the MDM models than in
the CDM model.
4 Discussion and conclusion
We have studied structure formation in MDM models that can explain the unidentified X-ray
line around 3.5 keV observed by Chandra and XMM-Newton. In MDM models, the NRP
sterile neutrino with a mass M ≃ 7 keV composes ∼ 25% and ∼ 50% of the whole DM mass
density, and some cold stable particle accounts for the rest. The mixing angles of the sterile
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Figure 4. Radial distributions of satellite galaxies in the CDM model (top panel) and the MDM
models with rwarm = 0.25 (middle panel) and 0.50 (bottom panel). We divide the distance from the
halo center between 50 kpc and 300 kpc into 4 bins. The up-triangles are for the MW satellites, and the
down-triangles represent the Andromeda satellites. The lines show the radial distributions of subhalos
in our simulated halos. The line colors are the same as those in figure 3: ∼ 2.6× 1012M⊙ (magenta),
∼ 2.1 × 1012M⊙ (blue), ∼ 1.8 × 1012M⊙ (dark-yellow), ∼ 1.7 × 1012M⊙ (green), ∼ 1.5 × 1012M⊙
(red), and ∼ 1.4× 1012M⊙ (black). The bold lines indicate the halos whose CVFs are consistent with
those observed.
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host halo mass [1012M⊙] ∼ 1.5 ∼ 1.7 ∼ 1.8 ∼ 2.6 ∼ 2.1 ∼ 1.4
CDM v.s. MW 195 106 690 439 458 142
CDM v.s. Andromeda 147 54 556 335 332 100
rwarm = 0.25
MDM v.s. MW 131 70 258 157 394 38
rwarm = 0.25
MDM v.s. Andromeda 69 42 186 103 280 18
rwarm = 0.50
MDM v.s. MW 54 38 129 69 86 78
rwarm = 0.50
MDM v.s. Andromeda 22 10 135 35 36 62
Table 1. Comparison of residual sums of squares (RSSs). The first row represents the halo masses.
The other rows show RSSs of the simulated radial distributions of subhalos (rows 2 and 3 in the
CDM model, rows 4 and 5 in the MDM model with rwarm = 0.25, and rows 6 and 7 in the MDM
model with rwarm = 0.50) and those observed (rows 2, 4, and 6 for the MW, and rows 3, 5, and 7 for
the Andromeda galaxy). The bold numbers indicate halos that are represented by the bold lines in
figures 3 and 4.
neutrino are sin2(2θ) ∼ 4.0 × 10−10 and 8.0 × 10−10, respectively. These parameters make
the MDM models viable and consistent with the observations of the Lyman-α forest.
We have shown that several MW-like and Andromeda-like halos (in terms of the halo
mass) in the MDM models are consistent with the observed Local Group in terms of the CVF.
The radial distributions of subhalos in the MDM models are also closer to those observed
than in the CDM model. Therefore, we conclude that the MDM models explain the reported
X-ray line and the observations of the Lyman-α forests and mitigate the missing satellite
problem. Besides, the MDM models possibly explain the γ-ray anomaly in the Galactic
center as discussed in section 2.
Adopting a larger conversion factor of eq. (3.6) affects the CVFs of the MW and the
Andromeda satellites. It shifts the CVFs of the observed satellites horizontally to the right in
figure 3. Since the conversion factor is not necessarily constant for all the satellites, it is non-
trivial to judge if the MDM models explain the observation. For instance, if all the satellites
have the same conversion factor of 3 rather than
√
3 (3 is the maximum value reported in
ref. [112]), the CVFs of the observed satellites shift to the right by a factor of
√
3 in figure 3.
In this case, even the CDM model can reproduce the observation.
It is important to note that there is halo-to-halo scatter in figures 3 and 4. The scat-
ter is also discussed in refs. [127–130]. In ref. [129], it is suggested that the subhalo mass
function and the CVF follow a Negative Binomial distribution with variance larger than
expected from the Poisson error. The halo-to-halo scatter in figure 3 is close to that of the
suggested distribution, and thus our results are compatible with ref. [129] (see discussion in
appendixA.3). The scatter of the CVF and the radial distribution of subhalos can be used to
calculate the probability that one of the numerous halos has a subhalo population consistent
with the observed satellites. The probability, however, is ∼ 10−4 for the CDM and much
lareger in the MDM models. Thus, by introducing the MDM model, distributions of the
CVF and the radial distributions of subhalos provide larger possibilities that a halo has its
subhalos consistent with observations. It may be interesting in the future to investigate and
reveal those distributions in the MDM models with larger halo samples.
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In order to constrain the MDM models further, additional observational data are re-
quired. The current constraints from the observations of the Lyman-α forests allow these
models since the linear matter power spectra in these models show mild suppressions at
subgalactic scales. Further studies with future observations of the Lyman-α forests are war-
ranted to test the validity of the MDM models. Another promising candidate is the 21 cm
line observation. By observing the 21 cm emission or absorption due to neutral hydrogen
clumps associated with dark matter (sub)halo, one can construct the HI disk velocity width
function [6, 7, 9, 131]. Also, red-shifted 21 cm observations hold promise for probing the
matter distribution in the cosmic Dark Ages [132] where the density fluctuations are still in
the linear regime even on small length scales. Future observations can hopefully constrain
the cosmological models such as the MDM models.
We have used dissipation-less DM N -body simulations only, and thus we are not able to
examine if the (sub)halos host luminous galaxies. The abundance matching technique sug-
gests that the galaxy luminosity is tightly correlated with Vmax [133]. On the other hand, the
too-big-to-fail problem [134, 135] suggests that such a simple connection cannot be applied
to satellite galaxies [135]. Ultimately, in order to determine if a (sub)halo hosts a lumi-
nous object, simulations including baryonic physics will be needed. Baryonic effects such
as supernovae feedback and photoevaporation by ultra-violet background radiation influence
dynamical and star formation properties of subhalos (e.g., ref. [135–137]). The rotation curve
in central region can change significantly by such baryonic processes [138].
The nature of dark matter particles can be studied also from a particle-physics point
of view. We interpret the X-ray 3.5 keV line as the decay signal of the sterile neutrino that
is non-resonantly produced in the early Universe. This interpretation actually suggests a
larger mixing angle than in the case with resonantly produced sterile neutrino [26–28]. Thus
we can test our model, in principle, by measuring the mixing angle in some other way. One
of the tests is pulsar kicks [139]. It is observed that some pulsars have large bulk velocities
directed along their spin. Sterile neutrino can cause this pulsar kick, because anisotropically
produced active neutrinos in the presence of a magnetic field are converted to sterile neutrinos
that escape from the pulsar without washing out the anisotropy. The recoil of the sterile
neutrinos kicks the pulsar. When the sterile neutrino has a few keV mass, the onset of
kick is considerably delayed because it takes a long time for large lepton asymmetry, which
prevents the active-sterile conversion, to relax to zero through mixing [80, 139]. The delay
time depends on the mass of sterile neutrino and the mixing angle, and thus offers a way to
place constraints on these basic quantities (see figure 1 in ref. [139]).
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A Effects of the box size and the gravitational softening length
In this appendix, we examine effects of the box size and the gravitational softening length on
internal properties of simulated halos. The most significant effect of the box size is expected
to be seen in the angular momenta of simulated halos [140]. The angular momenta, in turn,
may affect the density profiles of halos. We study the angular momenta of our candidate halos
of the MW and the Andromeda galaxy in subsectionA.1. Subsequently, we show their density
profiles in subsectionA.2. There, we also discuss effects of the gravitational softening length.
The gravitational softening length should be sufficiently small such that the Vmax’s of subhalos
are well determined. Subhalos with Rmax > 5×ǫ are considered as well resolved in section 3.3.
The validity of this criterion is shown in subsectionA.2. Finally, effects of the box size and
the gravitational softening length on CVFs are investigated in subsectionA.3 by taking into
account intrinsic halo-to-halo scatter of the CVF. The simulations with L = 5Mpc/h in this
appendix are the same simulations as shown in section 3 and details are given in subsection 3.2.
In additional simulations in this appendix, we do not take the same samples of the initial
fluctuations as in the simulations with L = 5Mpc/h in section 3. Let us stress that this
appendix is not intended to check the rigorous convergence of simulations.
A.1 Angular momenta
Our simulations in section 3 are performed with the relatively small box size L = 5Mpc/h.
One may wonder if this may compromise the validity of our results completely. It is suggested
that the angular momentum of halos is possibly most sensitive to the simulation box size [140].
This is because DM halos develop their angular momenta from the torque derived from large
scale structure. Small simulation volumes may prevent DM halos from obtaining a correct
amount of angular momentum. The change in angular momentum is reported to be mild,
and specifically a ∼ 15% systematic reduction when the simulation does not incorporate large
scale (∼ 100Mpc/h) fluctuations.
In order to investigate this effect, we perform additional simulations with L = 100Mpc/h
in the CDM model and measure the spin parameters of the simulated halos. The spin pa-
rameter is the dimensionless angular momentum defined as
λ = J/
√
2MvirrvirVvir (A.1)
in ref. [141]. Here, J , Mvir, rvir, and Vvir are the angular momentum within the virial radius,
the virial mass, the virial radius, and the circular velocity at the virial radius, respectively.
In the additional simulations with L = 100Mpc/h, the particle mass and the gravitational
softening length are mpart ≃ 1.5 × 107M⊙/h and ǫ = 3000pc/h, respectively. We generate
two realizations. The simulations with L = 5Mpc/h in the CDM model are the same as
in section 3. Note that samples of the initial fluctuations are not identical between the
simulations with L = 5Mpc/h and L = 100Mpc/h. The virial overdensity with respect to
the critical density is set to be 96.8 in the calculation of the spin parameter [142]. The spin
parameters are measured for halos whose masses are smaller than 1015M⊙/h and larger than
1010M⊙/h.
It may be preferable to compare directly the distributions of the spin parameter between
the simulations with L = 5Mpc/h and L = 100Mpc/h. However, there are sizable Poisson
errors in the distribution of the spin parameter in the simulations with L = 5Mpc/h (even
with six realizations). Instead, let us compare the distribution of the spin parameter in the
simulations with L = 100Mpc/h (two realizations) and the spin parameters of our candidate
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Figure 5. Distribution of the spin parameter in the additional simulations with L = 100Mpc/h (two
realizations) in the CDM model. The distribution P (λ) is normalized as
∫
P (λ)d log10 λ = 1. The 1σ
and 2σ regions are indicated by the black and the gray bands, respectively. The vertical arrows show
the spin parameters of our candidate halos of the MW and the Andromeda galaxy in the simulations
with L = 5Mpc/h (six realizations) investigated in subsection 3.3. The line colors are the same as
those in figures 3 and 4.
halos of the MW and the Andromeda galaxy in the simulations with L = 5Mpc/h in figure 5.
The Poisson errors are negligible (sub % level) and thus omitted in the figure. Five out of
the six halos have their spin parameters within 1σ region, while all the halos within 2σ
region. This implies that our candidate halos investigated in subsection 3.3 do not fail in
capturing correct amounts of angular momentum. We confirm this point in the next section
by investigating their density profiles.
A.2 Density profiles
In the previous section, we investigated the spin parameters of our simulated halos in the
CDM model. We showed that all our candidate halos of the MW and the Andromeda galaxy
are within 2σ region of the distribution of the spin parameter measured from the additional
simulations with L = 100Mpc/h. Since the spin parameters are expected to affect the
density profiles of halos, let us examine their density profiles to confirm the conclusion in
the previous subsection. Figure 6 displays the density profiles of three (different colors) of
our candidate halos in the CDM model investigated in subsection 3.3. All the three profiles
have an inner and an outer slope of r−1 and r−3 (black dotted lines), respectively, which
are in good agreement with NFW profile. This supports the previous implication that our
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Figure 6. Comparison of density profiles. We show nine profiles of different halos in different DM
models. The DM models are the CDM model (solid lines), the MDM models with rwarm = 0.25
(dashed lines) and 0.50 (dash-dotted lines). The simulations are the same as in section 3. The halo
masses are ∼ 2.6 × 1012M⊙ (magenta), ∼ 1.7 × 1012M⊙ (green), and 1.5 × 1012M⊙ (red). The line
colors correspond to those in figures 3 and 4. For presentation, the profiles are shifted below for the
halos with ∼ 1.7× 1012M⊙ and 1.5× 1012M⊙ by a factor of 10−1 and 10−2, respectively. The black
dotted lines represent the inner and the outer slopes of the NFW profile. The black vertical dash-
dotted line indicates the radius of 5× ǫ, outside which the halos are expected to be well resolved. The
difference between the profiles in the different DM models is small outside 5× ǫ.
candidate halos do not fail in capturing correct amounts of angular momenta. This is because
if they fail, their inner density profiles are expected to be steeper than NFW profile [143].
In figure 6, we show a radius of 5×ǫ ≃ 3.6 kpc by the black vertical dash-dotted line. The
density profiles of our candidate halos in the CDM model are in good agreement with NFW
profile outside 5× ǫ. In fact, the inner slope is consistent with r−1 outside ∼ 1 kpc (= 2× ǫ).
Therefore, (sub)halos are expected to be well resolved if Rmax > 5× ǫ in our simulations with
L = 5Mpc/h. We examine effects of the gravitational softening length further by comparing
CVFs in high and low resolution simulations in the next section.
Before investigating CVFs, let us discuss the MW mass estimate in subsection 3.3. Ref-
erence [118] assumes the NFW profile to model the DM density profile. We use their estimate
to select the candidate halos of the MW in the MDM models, in which it is not clear if the
DM particles follow the NFW profile. This point should be addressed. In figure 6, we plot
the density profiles of corresponding halos in the MDM models with rwarm = 0.25 (dashed
lines) and 0.50 (dash-dotted lines). Note that we take the identical samples of the initial
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fluctuations among the CDM and the MDM models in each realization except for the linear
matter power spectra. In each halo with different mass, the density profiles coincide with
each other outside 5× ǫ. The slopes of the density profiles at inner and outer regions coincide
with those of the NFW profile. Note that the DM mass density is only important in the
radius larger than ∼ 5 kpc, inside which the disk+bulge mass density dominates. In addi-
tion, recent studies also imply that DM particles follow the NFW profile in WDM models
(kJ = 34–60Mpc
−1) [11] and MDM models (rwarm = 0.1, 0.5, 1.0 and kJ = 14, 32, 46Mpc
−1,
respectively) [78]. Therefore we can use the MW mass derived by assuming the NFW profile
not only in the CDM model but also in the MDM models.
A.3 Cumulative circular Velocity Functions
Finally, we compare the CVFs measured from the simulation with L = 5Mpc/h and ǫ =
500pc/h in the CDM model to those from an additional simulation in the CDM model in
figure 7. The additional simulation has a larger box size L = 10Mpc/h, a larger particle mass
mpart ≃ 5.7 × 105M⊙/h, and a smaller gravitational softening length ǫ = 50pc/h. Samples
of the initial fluctuations in the additional simulation are not the same as in the simulations
with L = 5Mpc/h investigated in section 3. Let us note that the masses of the candidate
halos are in the range discussed in subsection 3.3 both in the simulations with L = 5Mpc/h
and in the additional simulation with L = 10Mpc/h but the masses themselves are different
between them. We restrict the comparison within the range of classical dwarfs. As discussed
in subsection 3.3 and seen in figure 26 of ref. [127], Rmax is several kpc for subhalos in the
classical dwarf range. With the gravitational softening length of ǫ = 50pc/h much smaller
than Rmax, the additional simulation resolves subhalos sufficiently.
While the simulations are initiated with different samples of the initial fluctuations, the
CVFs are similar to each other within halo-to-halo scatter between the simulations with L =
5Mpc/h and ǫ = 500pc/h and the additional simulation with L = 10Mpc/h and ǫ = 50pc/h.
We can confirm it qualitatively in the following way. It is suggested that the cumulative
number of subhalos at a given Vmax follows the Negative Binomial distribution with the
mean 〈N〉 and the variance σ2 = 〈N〉+(0.18〈N〉)2 [129]. We estimate 〈N〉’s for a given Vmax
in the simulations with L = 5Mpc/h and the additional simulation with L = 10Mpc/h by
maximizing the probabilities of obtaining the realized cumulative numbers of subhalos. In
figure 7, we present the estimated 〈N〉’s and 1σ and 2σ regions. The estimated distributions
are close to each other. At the minimum of the maximum circular velocity Vmax = 13.16 km/s,
〈N〉 = 34.3 and 36.1 for the simulations with L = 5Mpc/h and the additional simulation
with L = 10Mpc/h, respectively, and the difference is ∼ 5%. Importantly, therefore, there is
no implication of a significant reduction of the CVFs in the simulations with L = 5Mpc/h,
which is expected to be seen if the gravitational softening length is not sufficiently small.
The subhalos appear to be well resolved in our simulations in subsection 3.3.
B Difference between the halo maximum circular velocity and the peak
of the rotation curve
In ref. [6], they suggest that the ratio of the peak of the rotation curve of disk Vmax, d to the
maximum circular velocity of halo Vmax takes the form
Vmax, d
Vmax
= 1.04
(
1− 0.11fdisk + 5× 10
−4
λ′
)−1
, (B.1)
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Figure 7. Comparison of the CVFs in the CDM model between the simulations with L = 5Mpc/h
and ǫ = 500 pc/h (six realizations, red solid) and the additional simulation with L = 10Mpc/h
and ǫ = 50 pc/h (one realization, blue solid). All the CVFs are measured in the same manner in
subsection 3.3. We plot 〈N〉’s (red dotted for the simulations with L = 5Mpc/h and blue dotted for
the additional simulation with L = 10Mpc/h) and 1σ (red for the simulations with L = 5Mpc/h
and blue for the additional simulation with L = 10Mpc/h) and 2σ (magenta for the simulations with
L = 5Mpc/h and cyan for the additional simulation with L = 10Mpc/h) regions of the estimated
Negative Binomial distributions.
where fdisk is the ratio of the disk mass to the halo mass, and λ
′ = J
√
|E|/GM5/2vir is
the spin parameter defined in ref. [144], and E is the total energy of the halo within the
virial mass. We adopt the choice in ref. [6] that fdisk = 0.03. We consider the case that
λ′ takes the value from 0.014 to 0.306. This range is adopted for the following reason. In
figure 5, halos have their spin parameters λ (eq. (A.1)) between 0.014 and 0.219 (2σ). The
distribution of λ does not change significantly in the MDM models. For the NFW profile
halo, λ = λ′
√
f(c) [145] where c is the concentration parameter of the NFW profile and
f(c) = 1
2
c[(1 + c)2 − 1 − 2(1 + c) ln(1 + c)]/[c − (1 + c) ln(1 + c)]2 [146]. If the concentration
parameter takes the value between 5 and 30 [145], the ratio λ′/λ takes the value between 1 and
1.4. We take the range of λ′ as wide as possible, from 0.014×1 = 0.014 to 0.219×1.4 = 0.306.
Then, the conversion factor (eq. (B.1)) takes the value between 1.05 and 1.42. The value is
so close to unity that we ignore the difference between the peak of the rotation curve of disk
– 21 –
and the maximum circular velocity of halo.
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